We study the design of ring core fibers (RCFs) supporting orbital angular momentum (OAM) modes for mode division multiplexing (MDM) transmission systems. We develop target criteria to optimize fiber designs using a particle swarm optimization (PSO) algorithm under fabrication constraints. Effective index separation Δn eff and polarization purity of each OAM mode are known to determine modal crosstalk levels. To reduce the complexity of multiple-input multiple-output (MIMO) processing required to compensate for modal crosstalk, we define an objective function based on these quantities. Our design analysis focuses on four different concepts of step-index RCF leading to different modal and structural characteristics. The optimum design for each concept is derived using the PSO algorithm. We investigate the impact of hollow-core and/or higher-order radial modes on Δn eff and polarization purity. Design strategies for increasing Δn eff and polarization purity are discussed in light of robustness to fabrication errors. We finally discuss the scalability and potential limitations of this design.
I. INTRODUCTION
M ODE division multiplexing (MDM) has attracted considerable attention as a promising technology to meet the ever-increasing demand for fiber-optic network capacity [1] . A set of spatially orthogonal modes in a multi-mode fiber, each of which carries an independent optical signal, is exploited to boost the capacity beyond the nonlinear Shannon limit inherent to conventional single-mode fiber. Linearly polarized (LP) modes have typically been used as a modal basis for MDM because they are more readily excited and detected than true vector modes [1] . Thus, several MDM transmissions based on LP modes have been demonstrated over weakly-guiding multi-mode fibers [2] - [9] .
During recent years, orbital angular momentum (OAM) modes have emerged as another orthogonal modal basis for Manuscript MDM due to their attractive optical properties [10] - [15] . An OAM mode has a helical phase front characterized by the number of phase rotation over the field distribution plane, l, which is known as the topological charge. As opposed to LP modes that exist as a superposition of multiple degenerate vector modes, circularly-polarized OAM modes with a topological charge of |l| are composed of only one vector mode, either HE l+1,m or EH l−1,m [16] . This provides an opportunity to simplify or eliminate complex multiple-input multiple-output (MIMO) processing, which is required in MDM systems using LP modes to exploit full modal basis. However, it should be noted that the polarization of OAM mode generally departs from perfect circular states due to spin-orbit coupling [17] , [18] . In conventional optical fiber, the OAM modes are known to be unstable and easily convert into LP modes because the HE l+1,m and EH l−1,m modes are nearly degenerate, which results in strong coupling during propagation [10] . Therefore, it is necessary to use fibers optimized to lift the modal degeneracies between these vector modes.
A ring core structure with high refractive index contrast can increase the effective index difference (Δn ef f ) between HE l+1,m and EH l−1,m modes. In [19] , various designs of step-index ring-core fibers (RCFs) were discussed to achieve Δn ef f of ∼10 −4 for the OAM modes with |l| = 1 and 2. RCFs with graded index [20] , inverse parabolic index [21] , photonic crystal structure [22] , and trench-assisted index [23] have also been proposed to increase Δn ef f and thus mitigate mode coupling. In [24] , an analytical study showed that the degeneracy can be strongly broken if abrupt refractive index change coincides with large field amplitude of transverse mode and its field gradient. In this context, hollow-core RCF (whose inner "cladding" of the ring-shaped core is air) has been regarded as one of the most promising designs because of the extremely high index contrast at the interface of its core and inner cladding. Various designs of hollow-core RCFs have been proposed [25] - [27] and some notable transmission experiments have been successfully demonstrated [28] , [29] .
Despite the many RCF design concepts proposed so far, their optimization process is complex, not only due to timeconsuming and tedious test-and-trial approaches, but also because the optimum design may vary in different circumstances, e.g., target number of modes, allowable crosstalk level, and structural constraints for fabrication. Therefore, it is beneficial to develop a systematic optimal fiber design using criteria derived from total system requirements. The particle swarm optimization (PSO) algorithm is a population-based solution-finding method that has been widely employed for solving various optimization problems [30] . Similar to other evolutionary search techniques such as the genetic algorithm, a swarm of potential solutions (i.e., particles) is randomly generated to initiate the PSO algorithm. At every iteration, based on its own experience and the swarm's experience, each particle updates its current position to achieve a better position in the search space. The particles remember the best position that each individual particle has experienced, as well as the best global position of the swarm. Compared to the genetic algorithm, PSO is known to be more computationally efficient for solving problems with continuous design variables [31] . For this reason, it has been utilized for optimizing bend-insensitive optical fiber [32] , grating couplers [33] , and fiber amplifiers [34] .
In this paper, we propose a PSO algorithm to find the optimal RCF design, taking into account various physical features important for MDM transmission systems. These features include the number of usable OAM modes, the minimum Δn ef f , bending loss, and modal purity, and all these properties are considered in the objective score of a design. To confirm the utility of this method, we optimize step-index RCFs for various design criteria, and discuss their modal characteristics and suitability for MDM systems. We discuss the relative merits of the different design strategies. We also investigate the impact of variations of geometric parameters on the objective score. Although we focus only on the RCF designs aiming for vector mode multiplexing (i.e., in which HE l+1,m and EH l−1,m are regarded as two uncoupled modes), our optimization process can also be applied to fibers targeting mode group multiplexing (i.e., in which HE l+1,m and EH l−1,m are likely to couple to each other), which generally requires less stringent design constraints.
The remaining sections of this paper are organized as follows. In Section II, we discuss the fiber design criteria for OAM MDM transmission. In Section III, we describe the PSO algorithm for finding the optimal geometric parameters. In Section IV, the designs optimized for three OAM mode groups are derived, and the impact on modal characteristics of a hollow-core and/or the presence of higher-order radial modes is discussed. In Section V, we present the results for the design with a higher number of OAM modes. The tolerance analysis and the design strategy are covered in Section VI. Finally, we conclude the paper in Section VII.
II. RING-CORE FIBER FOR OAM MDM TRANSMISSION
Consider the OAM |l|,m mode with right or left circular polarization (RCP or LCP), where l is the topological charge and m is the number of concentric rings in the intensity profile of the mode. It can be expressed solely in terms of HE l+1,m or EH l−1,m , which of the two depends on the polarization state as explained below. For |l| > 1, OAM modes are expressed with the following equations [25] OAM ± ±l,m = HE even l+1,m ± jHE odd l+1,m
where the sign in superscript denotes the direction of the circular polarization and the sign of l denotes the direction of the field rotation. The direction of spin (i.e., polarization) and orbit (i.e., phase rotation) of the modes in an OAM |l|,m group can be either aligned or anti-aligned. Equations (1) and (2) represent the spin-orbit aligned and spin-orbit anti-aligned modes, respectively. These two types of modes become degenerate with small Δn ef f between HE and EH modes, and consequently, they would be strongly mixed resulting in an LP mode group, LP l,m , having four-fold degeneracy. However, in the case where the Δn ef f is sufficiently increased, OAM |l|,m mode groups can be divided into two non-degenerate mode groups enabling the use of only 2 × 2 MIMO (to undo crosstalk within each of the spin-orbit aligned and anti-aligned OAM mode groups). A Δn ef f of 10 −4 is usually considered to be necessary to mitigate significant mode coupling [35] , but this requirement will vary depending on the target transmission configuration. It was experimentally reported that, with a Δn ef f of 10 −4 , the modal crosstalk between OAM modes can be suppressed to less than −10 dB after >1-km long transmission [28] .
Our goal is thus to find the RCF designs that support multiple OAM mode groups, OAM |l|,m , whose Δn ef f are maximized under given geometric/functional constraints. It is important to note that all the guided OAM mode groups do not necessarily need to have large Δn ef f . Rather, we can rank the whole mode groups in accordance with their Δn ef f and then take only part of them for the data transmission. The number of mode groups chosen for the transmission is directly relevant to the increase of total data capacity. However, it is obvious that increasing Δn ef f becomes more challenging as the number of mode groups increases. In this paper, we will focus on designs optimized for MDM systems using three and four OAM mode groups (which corresponds to 12 and 16 information channels, respectively), and then discuss potential difficulties in further increasing the number of channels.
There are several important features that impact the suitability of an OAM mode for carrying data. OAM modes with radial order m larger than one are difficult to handle (i.e., signal generation and excitation) because of the complex modal distribution. Also, the OAM mode with |l| = 1 (which is composed of HE 21 modes) is known to be inefficient for MDM transmission due to the parasitic effects of the TE 01 and TM 01 modes [36] . This OAM mode is highly likely to experience a wide pulse spreading by two non-data-carrying modes having different propagation constant and consequently is not the best suited for low crosstalk transmission. While the (fundamental) OAM mode with l = 0 can be exploited for data transmission [14] , the higher-order modes offer a richer target set with clear scalability advantages. For this reason, we will not target the fundamental mode in the optimization but will consider it a bonus when a design yields an exploitable l = 0 mode. In short, we will not consider m > 1, l = 0 nor |l| = 1 as data-carrying OAM mode groups in this paper.
We will evaluate all other OAM modes as targets, with suitability evaluated by three criteria. Firstly, the effective index separation from the closest neighboring mode must be sufficiently large. Next, modes should have acceptable bending loss over the entire wavelength range of interest. We will also consider the amount of deviation from perfect circular polarization of the target OAM modes (spin-orbit coupling [17] , [18] ) because it is challenging to generate arbitrarily polarized (other than a linear or circular) vector modes. Hence, the final criterion reflects this concern, which we refer to as the polarization purity of the OAM mode. Fig. 1 shows the refractive index profile of step-index RCF containing three parts: inner cladding, ring-shaped core, and outer cladding. We assume that the outer cladding is made of silica (SiO 2 ), i.e., n 2 = 1.444 at 1.55 μm, and the core is made of silica doped with germanium dioxide (GeO 2 ). The inner cladding is assumed to be either air, i.e., n 3 = 1, or silica doped with fluorine (F). The outer cladding diameter is set to be standard 125 μm. We use four parameters here, i.e., inner ring radius, a, outer ring radius, b, index contrast of core, n 0,ring = n 1 /n 2 , and index contrast of inner cladding, n 0,iclad = n 3 /n 2 , to find the optimum design using PSO algorithm.
III. PARTICLE SWARM OPTIMIZATION ALGORITHM
To initialize a swarm of particles, we first set the boundary for each parameter. Considering fabrication feasibility, we assumed 1.5 μm<a<14 μm, 4 μm<b<16 μm, 1.0021 < n 0,ring < 1.0276, and 0.9654 < n 0,iclad < 1. We define the normalized frequency as V 0 = 2πbλ −1 n 2 1 − n 2 2 , where λ is the wavelength. Since V 0 should be large enough to support at least three OAM mode groups (with |l| ≥ 2), we conservatively assumed V 0 is larger than 5. From this requirement, assuming n 2 and λ are 1.444 and 1.53 μm, respectively, we obtained a nonlinear boundary, n 2 0,ring > 1 + 0.7109 × b −2 . This nonlinear constraint is based on the results obtained from an analytical study on vector modes in RCF, following the method in [37] . Fig. 2 shows the cutoff map of a step-index RCF as function of normalized frequency, V 0 , and ring radius ratio, a/b, with n 0,ring = 1.021 and n 0,iclad = 1. The ring radius ratio, a/b, was also set to be 0.3 < a/b < 0.95 to avoid designs positioned in inappropriate regions of the cutoff map (e.g., too thin ring or an excessive number of guided modes with large radial order m).
To determine how well a particular design fits the optimal solution, we first need to be able to evaluate its modes. An ideal mode should meet the criteria (related to l, m, and bending loss) described in Section II and avoid severe crosstalk by maximizing Δn ef f and ensuring sufficient polarization purity. For the PSO algorithm, it is necessary to quantify all these factors. We define two parameters for this purpose: validity function V(k) and polarization purity factor (PPF).
The V(k) is an indicator function (zero/one) of the appropriateness of the mode as a data channel. Based on the discussion in Section II, V(k) is set to zero if the eigenmode k has OAM with m > 1, |l| 0 or |l| = 1. It is also set to zero when the bending loss is larger than 0.0001 dB/m at a bending radius of 30 mm at 1565 nm wavelength. Otherwise, V(k) is set to one. This bending loss requirement is relevant to mode cutoff and it satisfies the criterion typically required for SMF [38] . The PPF is a value between 0 and 1 that represents the degree of circular polarization. This is defined in (3) with tuning factors σ and w, where P RCP (k) and P LCP (k) are the optical power of right circularly polarized portion and left circularly polarized portion, respectively, of an OAM mode based on eigenmode k.
As an example, the relationship between PPF and polarization purity, P RCP /P LCP (dB), is plotted in Fig. 3 for the case of σ = 5 and w = 30. The PPF varies roughly linearly with the polarization purity in the range of 10 dB to 30 dB, but saturates outside this range. We used these tuning values through our optimization process because in many cases the signal quality degradation becomes most important with crosstalk between −10 dB to −30 dB [39] . The bit-error rate (BER) penalty is known to be negligible when the crosstalk level is less than −30 dB for moderate quadrature-amplitude modulation (QAM) levels (<256), while −10 dB crosstalk causes unacceptable BER, even for quadrature phase-shift keying (QPSK). The tuning factors σ and w can be changed depending on the acceptable level of polarization purity. We can now formulate a figure of merit to evaluate to what extent an eigenmode k is suitable for data transmission. We define a modal score s(k) as follows
Here, Δn ef f (k) is the effective index difference of mode k with the nearest neighbor mode. As indicated by (4), the modal score of an eigenmode k increases with its Δn ef f and polarization purity unless the eigenmode has unacceptable features to be a data channel (i.e., V(k) = 0). It should be noted that each eigenmode of a particular design has its own modal score. Hence, we need another score, i.e., objective score, that represents the fitness of the overall fiber design.
Our optimization goal is to find the design that supports a given number of eigenmodes (or OAM mode groups) whose modal scores are maximized. For example, if we need three OAM mode groups (each derived from distinct pairs of eigenmodes) for data transmission, it is necessary to maximize the modal scores of six eigenmodes. Since the modal scores of all these modes should be as high as possible, we focus our attention on the sixth largest modal score as the objective score in this case. If we denote the n th largest value of a set {S} with cardinality k by n− max k {S}, the objective function is defined as follows
where n is the target number of eigenmodes for data transmission.
We first generate 40 initial random design samples (i.e., particles) for the PSO algorithm. The objective score of each particle is evaluated at wavelengths of 1530 nm and 1565 nm, the shortest and the longest wavelength of the C-band, respectively. To ensure that the solution is appropriate over the whole C-band, we consider the worse objective score from these two extreme wavelengths. Each particle updates its position at the next iteration based on its current movement, the best position explored so far, and the global best position the swarm has explored. This process is iterated up to 200 times. We used the finite element method (FEM) to obtain the modal characteristics of each guiding mode at each iteration and at each particle. The values of inertia weight, cognitive attraction coefficient, and social attraction coefficient were 0.9, 0.5, and 1.25, respectively. Using these parameters, we were able to repeatedly obtain an optimal set of converged solutions within 50∼100 iterations.
IV. RCF DESIGN OPTIMIZED FOR THREE OAM MODE GROUPS
RCFs can be cast into two groups depending on the existence of higher-order radial modes. In general, the higher-order radial modes (i.e., m > 1) propagate as guided modes when the ring radius ratio, a/b, is below a certain level. As discussed in Section III, Fig. 2 plots the cutoff equations for OAM modes as a function of ring radius ratio and normalized frequency. As the ring radius ratio becomes larger, the ring becomes relatively thinner and modes start to cut off. Thinner rings with high ring radius ratios support only modes with m = 1 (solid curves), while thicker rings can guide multiple ring modes (dashed curves) as well. One objective of this paper is to compare design choices in the thick vs. thin ring regimes. Despite the fact that the higher-order radial modes of thick-ring RCF are useless or even detrimental for data transmission, a thick-ring RCF provides a greater optimization space and potentially better solutions in the design space. The caveat remains that such solutions will risk having the higher-order radial modes act as parasitic modes: possible power leakage and/or pulse broadening due to undesired mode coupling [36] . In this section, we present the optimized designs obtained by the PSO algorithm for each case separately. We target three OAM mode groups for MDM data channels, and optimize fiber designs vis-à-vis our three criteria. We confirmed that these optimized designs have better objective scores than previously reported RCFs, validating our optimization method using the PSO algorithm (Appendix).
A. RCF With Higher-Order Radial Modes (Thick-Ring RCF)
The results of the PSO optimization are given in Table I for two RCF configurations: all glass RCF and hollow-core RCF. We specify b, a, n 1 , and n 3 , where n 1 , and n 3 are specified at the wavelength of 1550 nm. For the optimization of hollow-core RCF using PSO, we used a fixed value of 1 for n 3 . Regardless of whether the inner cladding is air or glass, the two optimized designs have almost identical ring geometry, with the all-glass RCF having slightly smaller ring thickness. Fig. 4 shows all guided modes supported by each fiber with their Δn ef f with respect to the nearest mode, polarization purity, and modal score, at the wavelength of 1550 nm. Note that the polarization purity was calculated only for targeted, single-ring modes. We noticed a significant number of higher-order radial modes with m = 2 for both fibers, all of which have modal score of zero (i.e., not targeted). Since our goal is to find the three OAM mode groups that are most suitable for data transmission, we chose the six eigenmodes with the best modal scores. As highlighted in the dashed blocks in Fig. 4 , the OAM modes with |l| = 8, 9, and 10 (i.e., OAM 8,1 , OAM 9,1 , and OAM 10,1 ) have the highest modal score for both all-glass and hollow-core RCF cases. The minimum Δn ef f and polarization purity of these modes were 1.18 × 10 −4 and 28 dB for all-glass RCF, and 1.14 × 10 −4 and 28 dB for hollow-core RCF, respectively, showing similar modal characteristics.
We also evaluated the wavelength dependency of n ef f and Δn ef f for both designs. Fig. 5(a) shows n ef f of the guiding modes as a function of wavelength for all-glass RCF. The solid lines indicate n ef f of OAM modes with m = 1 while the dashed lines represent the values of neighboring higher-order radial modes. The n ef f matching between desired OAM modes and parasitic higher-order radial modes, which leads to phase matching and in turn severe mode coupling, was not observed over entire C-band. However, some separations between pairs of higher-order radial modes and OAM modes were small. For example, Δn ef f between EH 32 mode and EH 71 mode (which corresponds to OAM 8,1 modes) was only 6.0 × 10 −4 at 1530 nm.
Although this value is 5 times larger than Δn ef f between two eigenmodes of OAM 8,1 modes, it may become critical with deviation from the specified refractive index profile. Moreover, this structural error can also be crucial to modes near the cutoff condition. It is important to note that n ef f of the OAM 10,1 modes is close to the cutoff boundary, making them vulnerable to unintended weakness in confinement (such as insufficient core doping or narrow ring thickness). We will discuss the impact of these types of fabrication error in Section VI. Fig. 5(b) shows Δn ef f of the modes shown in Fig. 5 (a) as a function of wavelength for all-glass RCF. The OAM 8,1 , OAM 9,1 , and OAM 10,1 modes are shown to have Δn ef f larger than 10 −4 over the C-band. The minimum Δn ef f of was calculated to be 1.13 × 10 −4 at 1530 nm (for OAM 8,1 mode). Fig. 5(c) and (d) are the results for hollow-core RCF, and their tendency and values are very similar to the results obtained with all-glass RCF. This indicates that the utility of hollow-core for lifting degeneracy of OAM modes is marginalized in this thick-ring case. We attribute this result to weak field intensity at the interface between core and inner cladding due to their small ring radius ratio, a/b, of ∼0.45.
B. RCF Without Higher-Order Radial Modes (Thin-Ring RCF)
To optimize RCFs with no higher-order radial modes allowed, we added a functional constraint to PSO algorithm: if any of guiding modes has the value of m larger than 1, the objective score is set to be zero regardless of the modal scores of targeted, single-ring modes. (Note that the objective score was the sixth largest modal score in Section IV.A.) Table II shows the optimized designs for all-glass and hollow-core RCFs. Compared to the optimum designs of thick-ring RCF, the designs shown in Table II had substantially thinner rings (higher ring radius ratio), as expected. Fig. 6 illustrates the mode contents of these RCFs with their Δn ef f , polarization purity, and modal score, at the wavelength of 1550 nm. For both designs, EH 21 modes (composing OAM 3,1 modes) had a large Δn ef f which then gradually decreases as the order of modes increases. However, lower order modes tend to have low polarization purity resulting in serious degradation of the modal score. This problem became more critical for EH modes than for HE modes. For example, EH modes of OAM modes group with |l| < 7 had polarization purity worse than 15 dB for which the value of PPF (shown in eq. (4)) was only ∼0.2. This directly links to modal crosstalk and limits the number of usable modes because, upon demultiplexing, this component of EH |l|−1 will not belong to OAM |l| mode but rather to OAM |l|±2 mode, thereby introducing crosstalk. The three OAM mode groups having the largest modal score were OAM 8,1 , OAM 9,1 , and OAM 10,1 for both RCFs. Nonetheless, their modal scores were only on the order of 0.50 × 10 −4 , substantially lower than the values obtained for the thick-ring RCFs. Fig. 7(a) , (b) and Fig. 7(c), (d) show the wavelength dependency of n ef f and Δn ef f for all-glass RCF and for hollow-core RCF, respectively. Only the modes of interest are depicted, and the polarization purity for OAM 8,1 , OAM 9,1 , and OAM 10,1 are also specified in Fig. 7(b) and (d) . It should be noted that the polarization purity remained almost unchanged over the C-band. Among OAM 8,1 , OAM 9,1 , and OAM 10,1 modes, OAM 8,1 had the largest Δn ef f while it was shown to have the worst polarization purity. The minimum Δn ef f and polarization purity of these modes at the entire C-band are 0.92 × 10 −4 and 16.4 dB for all-glass RCF, and 1.41 × 10 −4 and 15.2 dB for hollow-core RCF, respectively. These results indicate that the use of hollow-core helped increase the minimum Δn ef f by ∼53% at the expense of polarization purity degradation of ∼1.1 dB. Although, in contrast to thick-ring RCF, a hollow-core was beneficial in increasing Δn ef f for thin-ring RCF, we observed that this trade-off elicits an improvement of only ∼17% in the modal scores. (The modal score of OAM 10,1 for all-glass RCF is 4.8 × 10 −5 , while the value is 5.6 × 10 −5 for hollow-core RCF.) It is worth to note that these results are derived from the assumption the circularly polarized states are highly desirable for ease of multiplexing/demultiplexing. If we consider excitation of non-uniform elliptically polarized modes into the fiber using q-plates [27] , for example, the utility of using a hollow-core could be enhanced.
V. OPTIMIZED RCF DESIGNS FOR FOUR OAM MODE GROUPS
The PSO algorithm can also be used to find RCF designs optimized for MDM systems employing a higher number of Table III reports the all-glass RCF designs optimized for four OAM mode groups. In the case of the RCF with a thick ring, the design was very similar to the one obtained for three OAM mode groups (Table I) , indicating that this design is close to optimum for both cases. We can thus simply increase the number of channels by using one of the unused OAM modes of the RCF. As it can be seen in Fig. 5(b) , OAM 7,1 modes were shown to have the minimum Δn ef f of 0.77 × 10 −4 over entire C-band, which is an acceptable level for data transmission over length of <1 km [28] . This value was increased to 0.83 × 10 −4 for the design described in Table III . The n ef f of OAM 7,1 modes, however, are close to those of HE 42 and EH 12 , as shown in Fig. 5(a) . This poses a potential risk of undesirable mode coupling in the presence of geometric perturbation.
The design of thin-ring RCF optimized for four OAM mode groups is also described in Table III . Fig. 8 shows various modal characteristics of its guided modes at the wavelength of 1550 nm. Compared to the design for three OAM mode groups (shown in Fig. 9 . Wavelength dependence over the C-band of (a) the effective indices n ef f and (b) the effective index differences Δn ef f of each mode of an all-glass RCF supporting four OAM mode groups. Fig. 6(a) ), OAM 11,1 modes become the additional guided modes at the expense of slightly reduced scores of OAM 8,1 modes. Consequently, we were able to exploit four OAM mode groups, i.e., |l| = 8, 9, 10, and 11, in accordance with the modal score, as shown in the dashed blocks. The wavelength dependencies of n ef f and Δn ef f were also evaluated and the results are shown in Fig. 9 . All four OAM mode groups had Δn ef f and polarization purity larger than 0.86 × 10 −4 and 15.9 dB, respectively, over the C-band.
From the results above, we notice that the designs optimized for four OAM modes groups do not have remarkable differences from the designs for three OAM mode groups. This fact indicates that we do not have much room to improve the RCF design in order to increase the number of OAM modes while maintaining high Δn ef f and polarization purity simultaneously (i.e., high objective score). Considering that the values of Δn ef f and polarization purity obtained above would barely meet the practical requirement, increasing the number of OAM mode groups beyond four with this type of step-index RCF will be challenging.
VI. DESIGN TOLERANCE AND DISCUSSIONS
Structural inaccuracies of an optical fiber are inevitable in the fabrication process. Therefore, tolerance analysis is especially important for designs derived by PSO algorithm where the global best solution is found without any consideration for design margin. Fig. 10 shows the impact of the variation of a single parameter on the objective score, while holding other parameters fixed. Fig. 10(a)-(d) show the results for all-glass RCF with a thick ring (derived in Section IV.A, Table I ). The results for hollow-core RCF are not shown here as they are similar to that of all-glass RCF. The structural deviations mainly caused two problems: the mode coupling between neighboring modes and the cutoff of the highest mode. As can be seen in Fig. 10(d) , for instance, excessively high n 3 (above 1.43) relaxed mode confinements and made the OAM 10,1 mode cutoff, resulting in the objective score of zero. The same cutoff appeared when the n 1 decreased lower than 1.484, as shown in Fig. 10(c) . In the case that n 1 became higher than 1.495, OAM 10,1 modes started to couple with the HE 31 mode, which is closely packed in terms of n ef f . Nevertheless, the sensitivity of objective scores to refractive index, n 1 or n 3 , was negligibly small over a wide range of index variation (e.g., ∼0.12 for n 1 ), large enough to control in fabrication.
The objective score was relatively more sensitive to small variation of ring radii than that of refractive indices, especially for b. More importantly, due to the unwanted coupling with peripheral higher-order radial modes, the margin of inner ring radius, a, was found to be only ∼300 nm. This issue became more problematic when we attempted to increase the number of OAM mode groups for data transmission. Performing the same analysis for the all-glass RCF optimized for four OAM groups (derived in Section V), the margin shrunk drastically to ∼170 nm for b, as shown in Fig. 11(a) . This is because of the mode coupling between OAM 7,1 modes and the higher-order radial modes such as HE 42 . Fig. 10 (e)-(h) show the change of objective scores caused by the variation of each parameter for the all-glass RCF having a thin-ring (derived in Section IV.B). As opposed to the thick-ring RCF, due to the absence of parasitic modes, there was no prohibited area where serious mode couplings may occur. However, the objective scores for thin-ring RCF were more sensitive to small variations of the design compared to the case of thick-ring RCF. For instance, the objective score of ∼0.48 × 10 −4 obtainable at b = 13.25 μm was decreased to 0.40 × 10 −4 by a deviation of only ∼360 nm. If we assume that 20% of decrease from a peak is acceptable, the margin would be 490 μm, and 430 μm for b and a, respectively. Contrary to our expectation, the margins for thin-ring RCF were not significantly increased compared to the case of thick-ring RCF aiming at the same number of OAM channels. This is because, for thin-ring RCF, the mode intensity at the interface between core and cladding, which plays an important role in determining the Δn ef f , decreases rapidly even with a small change of the ring thickness [21] . However, an advantage of using thin-ring RCF was that the design margins were stable even for the higher number of OAM mode groups. Fig. 11 (c), (d) shows the impact of structural deviation on objective score for thin-ring RCF optimized for four OAM mode groups (derived in Section V). The margins of b and a were found to be 400 nm and 360 nm, respectively, assuming the 20% of decrease from a peak is acceptable.
According to the results above, the thick-ring RCF is generally more suitable to achieve higher score than the thin-ring RCF if the fabrication error can be strictly controlled. If we cannot guarantee the accuracy of ring radii to a margin of around +/−100 nm, we expect the thin-ring RCF will be favorable in terms of fabrication, especially for a higher number of OAM mode groups.
VII. CONCLUSION
We have studied the design of step-index RCFs with depressed inner cladding for MDM optical transmission system using OAM modes. In order to find the ideal design concept, we analyzed four different categories of RCFs: all-glass RCFs with a thick or thin ring, and hollow-core RCF with a thick or thin ring. For each category, we found an optimum design that satisfies our criteria by using a PSO algorithm. The objective function was defined to quantify the performance of each candidate design by considering the minimum Δn ef f and polarization purity of the desired OAM mode groups, which are strongly related to the amount of modal crosstalk in MDM systems. We confirmed that the PSO algorithm can effectively optimize fiber design to meet many different requirements. We expect the effectiveness of this method to increase as the number of design parameters increases with more complex fibers (beyond step index). Based on the optimized designs, we first investigated the impact of using a hollow-core RCF versus an all-glass RCF. The results showed that the use of a hollow-core has a negligible effect on increasing Δn ef f or polarization purity of thick-ring RCF. One can expect increase of Δn ef f for thin-ring RCF, while the sacrifice of polarization purity is inevitable. Considering the fact that hollow-core RCF involves more complex fabrication, and is more mechanically vulnerable than all-glass RCF, the practical advantage of using a hollow-core is highly dependent on the techniques available to circumvent the polarization purity degradation of hollow-core RCF, e.g., q-plate [27] ).
We compared the design concepts with regard to their ring thicknesses. Higher objective scores were obtained with thickring RCF because thin-ring RCF generally induced low polarization purity. When we targeted three OAM mode groups as data channels, the optimum designs of thick-ring all-glass RCF showed minimum Δn ef f of 1.18 × 10 −4 and 28.0 dB polarization purity over the C-band, whereas the values of only 0.92 × 10 −4 and 16.4 dB were achievable for thin-ring all-glass RCF. However, thick-ring RCF is extremely sensitive to fabrication error of ring dimension because of undesirable mode coupling between desired modes and unwanted higher-order radial modes. Therefore, the thick-ring RCF is advantageous only if the fabrication error can be strictly managed. We also found that it would be difficult to increase the number of spatial channels more than 16 (i.e, four OAM mode groups), while keeping Δn ef f and polarization purity reasonably high.
APPENDIX
To validate the effectiveness of our objective function and PSO algorithm, we compared the RCF designs optimized by PSO algorithm with the designs that have been reported previously in the literature. More precisely, we investigate two hollow-core RCFs. The first design was used to demonstrate an MDM transmission over 12 OAM modes (i.e., 3 OAM mode groups) [29] . Although this fiber supports several higher-order radial modes, the OAM |l|,1 modes with |l| = 5, 6, and 7 were successfully exploited for data transmission. Thus, it can be categorized as a thick-ring RCF. In [27] , a thin-ring hollow-core RCF was also proposed to realize a higher number of spatial channels. Table IV shows the structural values of these two designs from Boston University (BU) that we used for comparison. We approximated their measured profiles by step-index profiles to obtain these values; our comparison should be made under the same geometrical and conditional constraints to evaluate the effectiveness of PSO algorithm. We first numerically evaluated the modal characteristics for these hollow-core RCFs, and then calculated the modal scores by using the objective function we defined in Section III. The Δn ef f , polarization purity, and modal score of each guided mode are described in Fig. 12 . The dashed blocks in Fig. 12 indicates the modes with low crosstalk that were actually used for experimental demonstration [27] , [29] . Despite the fact that our design strategy is aiming for the generation of circularly polarized OAM modes in contrast to the approach used in [27] , these selected modes coincide with the modes having the highest modal scores. It clearly implies that our objective function is a reasonable measure of modal quality as a channel for MDM transmission. Fig. 12 . For previously published fiber designs, the supported modes are shown along x-axis with their Δn ef f (left y-axis, blue bars), polarization purity (right y-axis, red dots), and modal score (left y-axis, green dashed line) for (a) a thick-ring RCF [29] and (b) a thin-ring RCF [27] (both shown in Table IV ). Dashed red blocks show the modes that were used for transmission experiments.
TABLE V COMPARISON OF MODAL CHARACTERISTICS AND SCORES BETWEEN DIFFERENT HOLLOW-CORE RCF DESIGNS
Next, we compared the designs shown in Table IV with our designs optimized by PSO algorithm in Section IV (which are aiming for the use of three OAM mode groups). For comparison, we chose only three OAM mode groups with the highest modal scores. Table V reports the modal characteristics and modal scores of the three OAM mode groups supported by each design as well as its objective score. The results show that, for both thick and thin-ring RCF, PSO-optimized designs have higher objective scores than the designs in Table IV . This result validates that PSO algorithm can become a simple and effective tool to find an optimum solution for RCF design.
